We numerically show that time delayed coherent feedback controls the statistical output characteristics of driven quantum emitters. Quantum feedback allows to enhance or suppress a wide range of classical and nonclassical features of the emitted quantum light. As exemplary quantum system, we use a pumped cavity containing two emitters. By applying phase-selective feedback, we demonstrate that photon antibunching and bunching can be increased in orders of magnitude due to intrinsically and externally controllabe quantum interferences. Our modelling is based on a fully non-Markovian quantum simulation of a structured photon continuum. We show that an approximative method in the Schrödinger picture allows a very good estimate for quantum feedback induced features for low pump rates.
I. INTRODUCTION
In the pursuit of exploiting quantum systems for technological applications many challenges have to be overcome. One of those is the limited coherence time of quantum systems, during which quantum correlations are dominant in the system [1, 2] . To stabilize quantum features, different mechanisms have been proposed such as gate purification [3] , error correction [4] , and feedback [2] . Using quantum feedback extrinsically, a stabilization of certain states has been achieved successfully [5] .
Motivated by classical Pyragas control [6, 7] , recent experiments start to investigate the role of a non-negligible delay time close to the quantum regime [8] [9] [10] .
In the regime of classical optics, time-delayed self-feedback was found to have a significant impact on the dynamics of a semiconductor laser [11] . This has been exploited to control laser systems [12] . A more recent proposal uses feedback as a mechanism to reduce the jitter in pulsed lasers or the optoelectronic control of the device based on a classical series of measurements [13, 14] . Other possible applications include optomechanical setups [15] . However, for time critical applications, coherent control may have advantages over measurement based schemes [16] .
In the classical regime, time delayed feedback is usually modeled using delayed differential equations [11] . However, in the quantum regime a model for the description of nonclassical light is necessary, where the electronic and photonic degrees of freedom are treated on an equal footing. Here, the feedback channel is understood as a reservoir of infinite modes, which induces the delay time by its structured nature, corresponding to a non Markovian bath [17, 18] . In contrast to other models for structured baths [19] , in this case one specific delay time characterizes the reservoir response.
In the limit of high photon number, semiclassical approximations allow to derive manageable equations and establish the ties to the classical regime [20, 21] .
However, an alternate approach in recent experiments aims at reaching the quantum optical regime [22] , so that a semiclassical description could become insufficient. In this regime of few excitations, time delayed quantum optical feedback has been proposed e.g. to stabilize Rabi oscillations [23] and to control entanglement [24] . However, in the theoretical description of these proposals, initial states with a fixed number of excitations have been assumed in order to close the respective set of equations of motions. To examine the photon statistics of a driven optical system, the number of excitations are initially not limited and new methods are needed to describe quantum feedback effects in driven-damped setups.
While there are special cases where driven quantum systems can be considered analytically [25] , for most cases a numerical solution is necessary. To solve this problem methods have been proposed employing the Liouville space [26] , Matrix product state (MPS) evolution [27] , and the Heisenberg picture [21] .
In this manuscript, we propose an alternative, approximative method in the Schrödinger picture, which is applicable in the regime of small pump rates. This method is easy to implement, since it basically involves the numerical evaluation of Schrödinger's equation with an effective, dissipative Hamiltonian [28, 29] . This model agrees well with numerically exact models in the low pumping regime and allows a very good estimate of quantum feedback effects in open, driven cavity QED systems.
We show theoretically how time delayed feedback may be used to control classical and non classical properties of a quantum system. Thus, feedback can be used to amplify bunching and antibunching, as well as to increase the amount of entanglement between two two level systems inside a cavity. This will be instantiated with a system consisting of two emitters described as two level systems inside a cavity, exchanging quantum excitations only via the cavity mode. This system was recently proposed to show a connection between the photon statistics of the output field and the entanglement of the two level systems inside the cavity [28] . This connection is useful to have a first grasp at possible quantum correlations inside a system, as traditional ways to gain information about the correlations inside a system are more involved. One may try to determine the fidelity for a certain state or even consider reconstructing the full density matrix [30] , which contains all information about a system [31] .
The manuscript is structured as follows: In Sec. II we will introduce the approximative model to describe feedback in the low pumping regime in the system consisting of two emitters inside a cavity subject to feedback. In the Sec. III, we will show how time delayed feedback can be used to control the photon statistics of the emitted light field and emphasize classical as well as nonclassical photon statistics. In Sec. IV, we will discuss the relation between the entanglement in the emitters to the photon statistics when applying feedback to the system. A summary concludes our manuscript.
II. MODEL
To investigate the system dynamics, we start from a model Hamiltonian describing the system depicted in Fig. 1 . Here, a small pumped cavity contains two two level systems, which is coupled to an external feedback channel. The frequency of the external pump laser may be detuned from the resonance of the cavity and the two level systems. Such systems can be realized, e.g. by nanoscale optical positioning in integrated quantum photonic devices.
[32] We start from the Hamiltonian in the frame rotating with the external driving frequency [28, 33] 
Here, a (a † ) is the annihilation (creation) operator of the photon in the cavity, σ + i is the raising operator, σ − i is the lowering operator of the i-th two level system and σ
Here, |e i is excited and |g i the ground state of the ith two-level system. The cavity is pumped by an external driving with the strength and the frequency ω L . The detuning from the cavity mode with frequency ω 0 is ∆ = ω 0 − ω L . The detuning from the resonance is δ = ω eg − ω L , where ω eg is the frequency of the resonance in the two level system. The i-th two level system is coupled to the cavity mode with g i . The spontaneous emission of the emitters is described approximately by a non-hermitian part in the Hamiltonian, where the phenomenological decay rate into not considered modes is given as γ. We assume that the cavity is resonant with the emitters, i.e. δ = ∆, and the coupling is the same for all emitters g 1 = g 2 = g. Feedback is described by an external continuum of modes, where
is the annihilation (creation) operator of a photon in the continuum with 1D wave vector k. The cavity mode is coupled to the external mode with
Here ω k = c|k| with c being the speed of light in the waveguide. G 0 is the bare tunnel coupling strength between cavity photons and external modes in continuum. The frequencies w L and w k correspond to the external driving frequency and the half-cavity modes with wave number k, respectively. We assume that the feedback channel is characterized by a single time delay, τ = 2L/c. It is verified that the two-photon limit is sufficient to describe the system when the driving field is weak by comparison with the MPS evolution method [27] at the end of this section. Therefore, the wave function of the state of the entire system in this case can be written as
+ C ee00 |e, e, 0, {0} + C eg00 |e, g, 0, {0}
Here, we choose the basis |i 1 , i 2 , i photon , k, k , in which i 1 and i 2 describe the two emitters, i photon is the number of photons in the cavity mode, and k, k is the external mode in which a photon is present. Correspondingly, the coefficients C i 1 ,i 2 ,i photon ,k,k indicate the probability amplitudes of the state. For brevity, we suppressed the time dependence of the state coefficients. The equation of motion for the coefficients are derived from the Schrödinger equation and are given in the App. A.
To investigate the photon statistics, we consider the second order correlation function [34] , which reads in the Heisenberg picture
We will consider the case with t = 0, which becomes in the Schrödinger picture
Here, ϕ(t)|a † a|ϕ(t) is the mean intra-cavity photon number. The second order correlation function characterizes the light field by putting the intensity in relation to the multi-photon part of the light field. A coherent field, as emitted by a laser, exhibits a value of one, showing no correlation between measuring two photons. When a value greater than one is observed, the probability of measuring two photons simultaneously is increased. A value of smaller than one is an indicator for a nonclassical state. This regime is called antibunching, since the probability to measure two photons simultaneously is decreased. The explicit expression for the correlation function in the present case is given in App. A.
Furthermore, the concurrence is evaluated to quantify the entanglement between the two emitters inside the cavity. Concurrence serves as a measure for entanglement. Its maximal value is unity, indicating maximal entanglement, while the minimal value zero signifies a fully separable product state with no entanglement. The concurrence is defined as [35] C(ρ AB ) = max{0,
where λ i is the square root of the i-th eigenvalue of the matrix
Here, ρ AB is the reduced density matrix of the subsystem consisting of the two emitters, i.e.
where ρ = |ϕ(t) ϕ(t)| is the density matrix for whole system. The reduced density matrix is multiplied by the Tensor product of the Pauli matrices in the subspace of each emitter.
Comparison with MPS evolution method
To give the regime of validity of the approximation employed in this paper, we show in Fig. 2 the photon number as computed by the approximative method used in this paper and the numerically exact MPS evolution method as proposed in Refs. [27, 36] , which relies on techniques developed in the context of condensed matter systems [37] . In this paper we stay in the regime of low pumping, where the approximation is valid. 
III. CONTROL OF PHOTON STATISTICS
In order to investigate the impact of feedback on the photon statistics, we consider two scenarios in detail. In Fig. 3 , we show the energy levels of the Hamiltonian without loss and feedback. The interaction between the cavity mode and the emitters lifts the degeneracy. In
App. B, we give the definition of the eigenstates of the Hamiltonian with interaction. These can be used to explain that certain transitions can be addressed by adjusting the driving laser frequency, so that specific states can be populated. We will investigate the transitions from the ground state to the single excitation state |1 + and from the ground state to the two excitation state |2 + . Now, we briefly discuss the case without feedback as discussed by Zhang et al. to establish a connection between the photon statistics and entanglement [28] . When considering the behavior of the system as a function of the detuning, there are two detunings of interest.
Choosing ∆ = √ 2g, the single excitation state |1 + is addressed in particular, since this is resonant via a single photon process with the energy of this state, cf. Fig. 3 . The field emitted from the cavity in the case without feedback exhibits antibunching, since the superposed |1 + -state contains exactly one excitation. In contrast to this, pumping the two excitation state |2 + via a two photon process by choosing ∆ =
g, the emitted field shows bunching. In this case the state |2 + contains exactly two excitations. These situations also exhibit a small degree of entanglement. By pumping weakly with a coherent field, the states cannot be prepared as pure states, since the major contribution to the state contains no excitation. Nonetheless, the weakly addressed states imprint the discussed signatures on the second order correlation function and the concurrence due to their properties.
In the following, we compare the system with feedback to a system without feedback. For the reference system without feedback, the cavity loss is chosen such that the dynamics until τ is equal to the feedback case. We choose this, since we only want to consider the effects due to the self interference. This is achieved by setting
In the following, we will consider short time delays, where τ ≤ 1 γ
, so that the system without feedback would not yet be in a stationary state.
Enhancement of antibunching
First, we consider the situation where the non-feedback case exhibits antibunching. This is achieved by choosing the detuning ∆ = √ 2g. Then, the single excitation state is pumped (cf. Fig. 3 ). When applying feedback to the system for these parameters, the antibunching can be enhanced, i.e. the stationary value for the second order correlation function is closer to zero (Fig. 4(b) ). So far, we discussed the case where the antibunching is enhanced by applying feedback to the system. To achieve this, feedback has to be adjusted to the correct time delay. We now consider the stationary states of the system as a function of the time delay. Considering   Fig. 5 , we observe a periodicity of ω 0 τ . This corresponds to the change of the phase with which the field interferes with itself. Two important cases will be discussed. Firstly the case of constructive interference, ω 0 τ = n2π, n = 1, 2, ..., and secondly, the case of destructive interference ω 0 τ = n2π + π, n = 0, 1, 2, .... Now we consider the expectation value for two photon processes, P 2 = ϕ(t)|a † a † aa|ϕ(t) = 2|Cgg20| 2 , which is proportional to the two photon probability in our approximation. This value is given in Fig. 5(a) . We compare it with the photon number, cf. Fig. 5(b) , and observe that their maxima occur for the same τ . The antibunching is also maximal when both values are maximal. This is the case when the light field interferes constructively (ω 0 τ = n2π) with itself. This cannot be achieved by simply increasing the intensity in the cavity mode without applying feedback by pumping more strongly, since this decreases the antibunching, as shown in Fig. 6 . In contrast to this, by applying feedback with constructive interference, the single excitation state is reinforced, increasing antibunching, while at the same time increasing the intensity. By adjusting the feedback to the destructive interference (ω 0 τ = n2π +π), the antibunching is decreased.
Furthermore, we observe that the entanglement is also increased by applying feedback. This is also achieved for the case of constructive interference. The coincidence of the maxima of entanglement with the minima in the second order correlation function (maximal antibunching) is consistent with the observations in the case without feedback in Ref. [28] .
Being a strongly dissipative system, this kind of entanglement serves merely as an indicator for the non-classical state the combined emitter-photon system is steered into. The degree of entanglement is too small to serve as a platform for quantum information computing.
For these applications schemes exist that allow to create much higher entanglement [38, 39] We stress, however, that our platform might be used in setups where the photon statistics serves as an important feature, e.g. in quantum cascaded setups [40] and quantum optical spectroscopy [41] , quantum light pumped induced lasing [42] , or for the creation of states with tailored higher order statistics [43] .
Enhancement of bunching
Second, we consider the situation where the non-feedback case exhibits bunching. This is achieved by choosing the detuning ∆ = √ 1.5g, where we address the two photon state |2 + by a two photon process. When applying feedback to this system, cf. Fig. 7 , now the bunching can be enhanced.
Here, again the stationary states with respect to the feedback time is shown in Fig. 7 .
In this case, for constructive interference (ω 0 τ = n2π), we observe the maximal bunching (cf. Fig. 7(c) ). While, again, the photon number as well as the two photon probability are enhanced in this case. Here, however, the enhancement of the two photon probability is more significant. In addition, the entanglement between the two emitters given by the concurrence may also be enhanced by adjusting the feedback time.
Thus, we show that superbunching can be enhanced via quantum feedback. Superradiance, a many emitter effect, has been shown in such cQED systems recently and a phase selective coupling leads to strong bunching signatures [44] . Our strong bunching enhancement relies not on the number of emitters, but on the quantum feedback induced intereference effect. We achieve an order of magnitude larger bunching in contrast to the non-feedback case, although the number of photons is increased. The quantum feedback setup circumvents therefore the typical trade-off between high number of photons/high number of emitters or strong bunching.
IV. ENTANGLEMENT AND PHOTON STATISTICS
In this part, we will briefly discuss the relationship between entanglement and photon statistics, which was introduced in Ref. [28] . In the two scenarios considered in this manuscript, the photon statistics are selected by pumping certain transitions and thus addressing specific states. By analyzing the states addressed by the pumping frequency further, we can observe certain properties. When choosing the detuning ∆ = √ 2g, where the second order correlation function shows antibunching, the |1 + -state is addressed. Then, the dominant part of the state is still the ground state due to the small pumping rate chosen in our study. Nonetheless, it is very unlikely to observe more than one photon coincidentally, since the |1 + -state only contains maximally a single photon. This is imprinted onto the output field, as antibunching. This is connected to the entanglement between the two emitters in this system, since this state contains the Bell-state
in the subspace of the emitters indicated by the index e, cf. App B. Thus, the anitbunching is connected to entanglement in the above form. By applying feedback to the system, not only the one photon state is reinforced, but indeed the whole entangled state, as can be seen by the simultaneous increase of antibunching and concurrence, which would be not given in the same manner by a simple increase of the pumping strength, cf. Sec. III. This is analogously true for the case of bunching, i.e. ∆ = √ 1.5g, while here the |2 + -state is addressed, which contains two photons, but a more complex type of entanglement.
Nonetheless, feedback again reinforces the correlated state. Thus, the relation between photon statistics and entanglement still holds, even when applying feedback on the system.
V. CONCLUSION
In summary, we presented an approximative model for computing time delayed coherent feedback in the Schrödinger picture. By employing this model, we were able to show that time delayed feedback may be used to control the photon statistics of the light field emitted from a cavity. We were interested especially in the cases where the light field shows antibunching and bunching. By adjusting the feedback, these properties may be either enhanced or decreased. Thus, we are able to significantly increase the nonclassical properties of the emitted light field in the case of photon antibunching. This behavior cannot be explained by a simple increase in the field strength, as an analogous increase in the pump strength does not lead to stronger antibunching. Furthermore, the entanglement of the two emitters inside the cavity may be controlled and enhanced in comparison to the non-feedback case. 
The coefficient |C gg00 | is approximated as unity since weak driving is considered, so that the equations of motion become
∂ t C eg00 = −i (δC eg00 + g 1 C gg10 + C eg10 ) − γ 2 C eg00 ∂ t C ee00 = −i (2δC ee00 + g 1 C ge10 + g 2 C eg10 ) − γC ee00
∂ t C ge10 = −i [∆C ge10 + δ − iγ 2 C ge10 + √ 2g 2 C gg20 + g 1 C ee00 + C ge00 + i dkG(k, t)C ge0k ∂ t C eg10 = −i ∆C eg10 + δ − iγ 2 C eg10 + g 2 C ee00 + √ 2g 1 C gg20 + C eg00 + i dkG(k, t)C eg0k
∂ t C gg0k = −i C gg1k + iG * (k, t)C gg10 ∂ t C gg0kk = iG * (k , t)C gg1k + iG * (k, t)C gg1k , when k = k ∂ t C gg0kk = iG * (k , t) √ 2C gg1k , when k = k .
dpG(p, t)C gg0pk + +∞ k+ dpG(p, t)C ggokp + dkG(k, t)C gg0kk √ 2 + G * (k, t)C gg20 √ 2 ∂ t C gg10 = i dkG(k, t)C gg0k − i ∆C gg10 + g 2 C ge00 + g 1 C eg00 + C gg00 + √ 2C gg20 .
(A2) 
